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State-Feedback Switching Control for Discrete-Time
Takagi-Sugeno Fuzzy Systems Based on Partitioning The
Range of Fuzzy Weights
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Abstract—In this paper, we propose an efficient relaxation
method of the parameterized linear matrix inequalities (PLMIs)
in the framework of the state-feedback stabilization problem
for discrete-time Takagi-Sugeno (T-S) fuzzy systems. The
matrix elimination method plays a key role in deriving the
criterion, which reduces the order of the fuzzy weights by
eliminating the quadratic fuzzy weights in the original PLMIs
and then transformed to a more tractable one. A partition on
the range of the fuzzy weights is introduced, through which a
linearly weight-dependent condition can be developed by fixing
some decision variables piecewisely. By utilizing the extreme
points of each partition, the negativity of the condition can be
guaranteed and the corresponding controller is represented in
the form of a switching control law based on the partition. Some
example shows that finer subdivision in the partition leads to a
better performance behavior.

Index Terms—Fuzzy systems, state-feedback,
control, stabilization.

switching

In recent decades, T-S fuzzy control systems have
attracted considerable attention from academic research and
industrial applications in virtue of its versatility to model
many complex nonlinear systems as a tractable one [1], and a
number of stability analysis and controller design results
have been reported in the literature [2]-[6].

The development of controllers in this field has been with
the efforts to exploit the information of the fuzzy weights,
utilizing as much information as possible to the control gains.
Initially, the conventional constant control gain was modified
to be linear in the fuzzy weights, say the parallel distributed
compensation (PDC) law [5]. By employing a common
quadratic Lyapunov function V (t) = x" (t)Px(t), P >0, a
quadratically weight-dependent PLMIs are obtained, whose
negativity was confirmed by the vertex-wise method. As a

way of reducing conservatism, [4] generalized the linearly
weight-dependent gains to be nonlinear and adopted a

INTRODUCTION

Manuscript received September 14, 2012; revised October 24, 2012. This
research was supported by the MKE (The Ministry of Knowledge Economy),
Korea, under the ITRC (Information Technology Research Center) support
program supervised by the NIPA(National IT Industry Promotion Agency)
(NIPA-2012 -HO0301-12-2002) & NIPA-2012-(C1090-1211-0011)). This
research was supported by World Class University program funded by the
Ministry of Education, Science and Technology through the National
Research Foundation of Korea (R31-10100).

The authors are with the Department of Electrical Engineering, Pohang
University of Science and Technology (POSTECH), Pohang, 790-784
Republic of Korea (e-mail: wilee@ postech.ac.kr, hiripe@gmail.com,
ppg@postech.ac.kr).

654

nonlinear Lyapunov function, say the non-PDC law. Here a
main concern is how to relax the complicated formulation to
a manageable one. Though, [3] introduced an interesting
relaxation method for this, there still seems to be room for
further improvement. Anyway, approaches based on the
non-PDC fuzzy controllers offer higher design flexibility and
show much better performance behavior than the PDC ones.

In this paper, instead of focusing on designing the structure
of the Lyapunov function or the control gains, we shall pay
attention to relaxation methodologies of the resulting PLMIs
that are quadratic in the fuzzy weighting functions. The
quadratic PLMIs are transformed to a more tractable form by
introducing some decision variables via the matrix
elimination lemma [7]. Then, the range of the fuzzy weights
is partitioned properly and the decision variables are fixed
piecewisely in accordance with the partition to derive a
condition that is linearly dependent on the fuzzy weights, so
that the negativity of the final condition can be guaranteed by
utilizing the extreme points of each partition from the
polyhedral optimization perspective [8], and a switching
controller based on the partition can be developed.

The proposed relaxation method has the edge over the
existing ones in many perspectives. It is relatively simple and
can be applied to almost all the previous results in the
literature. By elaborating the partition on the range of the
fuzzy weights, its performance can be improved further.
Actually, we validate in Section Il1 that finer subdivision in
the partition leads to a better performance behavior. Another
merit of the extreme points approach is that the bounds of the
fuzzy weights can be easily handled just by imposing
additional conditions to the conventional linear programming
tools.

The paper is organized as follows. Section Il proposes a
state-feedback stabilization criterion for discrete-time T-S
fuzzy systems via a switching control scheme. In Section I11,
a simple numerical example is given to verify the
effectiveness of the proposed method.

Notation: 3 +b 8, +b a, +b
+bl=| 1| &)= :
a +b a,,+b a, +b
Il. MAIN RESULT

A. State-Feedback Stabilization

Let us consider the following discrete-time T-S fuzzy
system:
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x(k +1) = AK)x(K) + B(k)u(k),

[Ak) B(k)]=29i(k)[A. Bl )

i=1

where, x(k) e R™ isthe stateand u(k) e R" is the control

input. Here, €, (k) denote the normalized fuzzy weighting
functions in the range

¥ = (el(k),u-,e,(k))|Zr‘,ei(k):1,03ai(k)sei(k)sﬁ;(k)}, (2)

where r is the number of fuzzy rules.
Under the state-feedback control law:
u(k) = K(k -1, k)x(k), 3
And the non-quadratic Lyapunov function [4]:
V (k) =x" (k)G (k-1)P(k —1)G " (k —1)x(k), 4

where P(k-1) >0, the following Lyapunov derivative

condition for asymptotic stability of the closed-loop system is
obtained:

0 > {AK)G(k—-1)+BK)K(k-1k)} G (k)P(k)G (k)

x {AK)G(k -1) + B(k)K(k -1, k)}-P(k-1), (5)
K(k-1,k) = K(k-1,k)G(k —1), which can be
relaxed with the help of [3] as

P(k-1) .
( ) T j>o ©®)
AK)G(k-1) + B(K)K(k-1k) G(k)+G' (k)= P(K)

where

Or equivalently
0<eP(k-1e +e (G(k)+G' (k)—P(k)e,
+&,(A(k)G(k —1) + B(k)K (k -1, k)) e
+&, (AK)G(k —1) + B(K)K (k —1,k))e/ @)

where e =[1 0] eR™™ and e =[0 1] eR™™.

B. Switching Control Based on Partitioning the Range of
Fuzzy Weights

Let us define

i k-1, 1<i<r
PEE T g k), r+l<i<or’
= 1 T 2r-2n_x2n
E=—[I - 1] eR""™,
2
El — [I O]T c R2r~2nxxr»2nX , EZ — [O I]T c RZr-anxr-an ,
oK) =[g k-1 - Gk-DI 4Kk - 6T
c RZr-ZnXXZnX (8)
Note that if (7) can be rewritten as

0> 0" (K)Q(O(k)o(k) )
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Then, by the elimination lemma [7] and the relation
(1 —EO" (k))" =©(k) from the fact that

COT o CoT o I
rank[ 1-E@" (k)  ©(k) | = rank[ I-E®" (k) @(k)J{ET]
(1-E@"(K)+OK)E™) +(I —EO" (k) +O(K)E") >0,
(9) holds if and only if there exists IT(©(k)) such that

0> Q(O(K)) +IT(O(K))(1 —O(K)E")
+(1 —O(k)E") 11" (©(k)) (10)
For each (0 (k),---,6 (k))e¥ with an admissible
transition from (6,(k-1),---,0 (k-1)) e¥. Since it is
difficult to find directly TT(®(k)), let us partition ¥ into
U, ¥, and design as TI(®(K)=II,,,,, for
(6,(k),--. 0. (k) e ¥,

O,(k=1),-,0 (k-1)) e ¥

transited from

hy Assuming that W, is a

polyhedral subset of R" and
[P(k) G(K) K(k-1K)1=[Y" 6,()6, (KR
> 0,096,061 39008, (0K "1 (1)

Lead to the following theorem.

Theorem 1 : For a given polyhedral partition

S

Y= v, , the

h=1

switching control law

u(k) ={K -1,k)G* (k —1)x(k) |
Ok =1),--,0.(k-1))e¥ (@ (K), " 0(K)e¥, 3}
asymptotically stabilizes the T-S fuzzy system (1) if there

exist matrices P°,P’,G’,G/ K", and TI , such that the

f.g!?
following inequality
0<Q@")+Q"(0™")+E, [ePe 1E'

1 0,j 1

-E; [e,Pe;1E;, [PT =[P]] (12)

20,j 72 2
Holdsforall 1<i, j<r,1< f,g <2r, andall the extreme
points (6,---,0°)e\¥,,(6),-,0")e¥, in 1<ab<$

with all admissible transitions from ¥ to where ¥ , and

O0™)=Ele,Y 0'AG! ¢/ IE +[e,Y 6'B K "el]

f.g 1

+E,[e,G/ e, ]E, +II,, (1 -©""E").

27,2

Proof : Assume (6,(k-1),---,60 (k-1)e¥ and

h(k-1)
(6,(k),-+,0.(k)) e P, ., . Since (12) is convex in 6, (12)

h(k) *

over the extreme points of (¥, ¥,) implies [8]

0<Q(O(k))+ Q" (O(k)) + E,[e P"" e IE/]

1
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=T h(k) \;T9=T
-E,[e,R e, ]E,.
This leads to the condition (10) and also (9). Note that (7)
guarantees positivity of P(k) and invertibility of P(k).

Il. EXAMPLE

The extreme points of each polyhedral partition were
obtained through the open source ‘extrpts.m’ in MATLAB
Central.

Consider the discrete-time T-S fuzzy model in [4]:

A= 11 _oﬁs’Blz 52+,B’
v, ]
A= 1 05| ° -2p

The following polyhedral partitions:
¥ ={010<6 <1},
¥ ={010<0} ¥.={010,<6}.

As well as the boundary conditions below are considered:
¥ ={0101<0 <0.9}.

The maximum value of S that guarantees asymptotic

stabilization of the system is checked and summarized in
Table 1. It shows that finer subdivision in the partition leads
to a better performance behavior.

TABLE I: MAXIMUM ﬂ OF THE STABILIZABLE REGION

REFERENCES

[1] S.G.Cao, N.W. Rees, and G. Feng, “Analysis and design for a class of
complex systems. part |: Fuzzy modelling and identification,”
Automatica, vol. 33, no. 6, pp. 1017-1028, June 1997..

[2] W.J. Chang, W. H. Huang, and C. C. Ku, “Robust fuzzy control for
discrete perturbed time-delay affine Takagi-Sugeno fuzzy models,”
International Journal of Control, Automation, and Systems, vol. 9, no.
1, pp. 86-97, Feb 2011.

[31 M. C. D. Oliveira, J. Bernussou, and J. C. Geromel, “A new
discrete-time robust stability condition,” Systems and Control Letters,
vol. 37, no. 4, pp. 261-265, July 1999.

[4] T. M. Guerra and L. Vermeiren, “LMI-based relaxed nonquadratic
stabilization conditions for nonlinear systems in the Takagi-Sugeno’s
form,” Automatica, vol. 40, no. 5, pp. 823-829, May 2004.

[5] H. O. Wang, K. Tanaka, and M. F. Griffin, “An approach to fuzzy
control of nonlinear systems: Stability and design issues,” IEEE
Transactions on Fuzzy Systems, vol. 4, no. 1, pp. 14-23, Feb 1996.

[6] L. K. Wang and X. D. Liu, “Robust Hoo fuzzy control for
discrete-time nonlinear systems,” International Journal of Control,
Automation, and Systems, vol. 8, no.1, pp. 118-126, Feb 2010.

[7] S.Boyd, L. E. Ghaoui, E. Feron, and V. Balakrishnan, “Linear Matrix
Inequalities in System and Control Theory,” Philadelphia, PA: SIAM,
1994, pp. 32-33.

[8] D. P. Bertsekas, A. Nedi'c, and A. E. Ozdaglar, Convex Analysis and
Optimization, Belmont, MA : Athena Scientific, 2003.

[9] T. M. Guerra, A. Kruszewski, and M. Bernal, “Control law proposition
for the stabilization of discrete Takagi-Sugeno models,” IEEE
Transactions on Fuzzy Systems, vol. 17, no. 3, pp. 724-731, June 2009.

[10] C. H. Fang, Y. S. Liu, S. W. Kau, L. Hong, and C. H. Lee, “A new

LMI-based approach to relaxed quadratic stabilization of T-S fuzzy
control systems,” IEEE Transactions on Fuzzy Systems, vol. 14, no. 3,
pp. 386-397, June 2006.

B. C. Ding and B. Huang, “Reformulation of LMI-based stabilization
conditions for nonlinear systems in the Takagi-Sugeno’s form,”
International Journal of Systems Science, vol. 39, no. 5, pp. 487-496,
Mar 2008.

D. H. Lee, J. B. Park, and Y. H. Joo, “Further improvement of periodic
control approach for relaxed stabilization condition of discrete-time
Takagi-Sugeno fuzzy systems,” Fuzzy Sets and Systems, vol. 174, no. 1,
pp. 50-65, July 2011.

[11]

[12]

Won Il Lee received his B.S. degree in electronic and
electrical engineering from Kyungpook National
University in 2010. He is currently studying toward his
Ph.D. at Pohang University of Science and
Technology (POSTECH). His current research
interests include robust, Linear Parameter Varying
(LPV), and delayed systems.

Y = ¥ y? ¥y’
[9, Theorem 6
1.7523
(N=2)]
[10, Theorem 6] 1.7659
[4, Theorem 5] 1.7666
[11, Theorem 4] 1.7821
[12, Theorem 1
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Theorem 1 1.8043 1.8281 2.2553

IV. CONCLUSION

This paper concerned the state-feedback stabilization
problem for discrete-time T-S fuzzy systems by introducing
an efficient relaxation method of the quadratically
parameterized LMIs. By partitioning the range of the fuzzy
weights, a switching controller based on the partition was
proposed. The simulation example showed that finer
subdivision in the partition leads to a better performance
behavior and also showed that our method can handle the
boundary constraints on the fuzzy weights efficiently.
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